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EXPONENTIAL NEIGHBORHOOD FOR
BIN PACKING PROBLEM

A. R. USMANOVA ® Yu. |. VALIAKHMETOVA

Abstract. The article is devoted to the well-known problem of one-dimensional packing — Bin Packing Problem
(BPP). The Bin Packing Problem can be found widely in different branches of industry and technique. BPP is NP-
hard, so the set of solutions has exponential cardinality in relation to packed items. The authors consider mod-
ified model of problem —in fact, authors solve the Flow-shop scheduling problem. The goal is to vanish so called
total overfilling (TO) — the sum of differences between the bin capacity and weights of matched items to each
bin. The different methods using polynomial neighborhoods requires a lot of time. The authors offer exponen-
tial neighborhood that require polynomial time to find the best solution. The linear Assignment Problem is
considered to construct an exponential neighborhood. Despite the fact that there are n! solutions, the optimal
solution can be found in O(n3). The authors consider several algorithms for constructing an exponential neigh-
borhood. The main idea is to remove one item from each container in some feasible solution. And then we
should reassign such unpacked items to used containers so that TO will be minimal. However, the proposed
method of constructing exponential solutions does not allow you to directly change the number of items in
the bin. Therefore, it is advisable to combine the search in exponential neighborhood with some strategies that
allow you to change the number of items associated with each container. The results of a numerical experiment

are comparing the search in polynomial neighborhoods and the proposed exponential one.
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INTRODUCTION

Let us describe the Bin Packing Problem (BPP): the set L = {w1, wo, ..., wn} of nonnegative
weights of items and positive number C — the bin capacity. It is necessary to find such partition L into
the minimal number of disjoint subsets, that the sum of weights in each subset does not exceed the
bin capacity C. Let us formulate one of mathematical definitions of BPP. We are given the set
L = {wa1, wz, ..., wn} of item weights and n bins of capacity C. Let us assign each item to one and
only one bin, i.e. pack item to bin, so that the total weight packed in any bin does not exceed the ca-
pacity, and the number of used bins will be minimal. We suppose that the bin containing at least one
item is used, otherwise bin is not used. Now let us introduce two binary vectors. Let yi € {0,1},
i €N ={1,2,.., n}, where

o {1, if j-th bin is used,
Yi =10, otherwise,

and let xj; € {0,1} j j € N, where

o {1, if i-th item is packed into bin j,
7771 0, otherwise.

Then we can formulate BPP as Integer Linear Program (ILP):
minimize z = }‘zlyj with respect to
Yic1yixijw; <C,j EN (1)
and ¥, x;; =1,j €N.
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In this paper we use modified model of problem. We pack items to fixed number of containers
and try to converse a packing plan so that condition (1) is satisfied. Let introduce the value total
overfilling (TO) by the next way:

Note the weight of each container as S;, j = 1, ..., m, where m is number of used containers. Set
values tj, j =1, ..., m, to characterize numerically the overfilling of containers:

S;i—C,ifC< S
P b ’ j’
g { 0, otherwise, (2)
where C is capacity of container. Then total overfilling will be

Let describe now linear assignment problem (LAP). The assignment problem is a special case of
a transportation problem. Its name arose from the following interpretation: there are m positions and
m applicants for these positions. The appointment of the i-th applicant to the j-th position leads to
losses cf[i, j]. It is required to distribute applicants by position so that the total loss is minimal. This
problem is equivalent to the problem of finding the maximum matching of the minimum weight in
a bipartite graph.

Let us formulate mathematical model. Given the matrix of integer nonnegative numbers c[i, j],
i,j €{1,..,m}. Itis required to choose m items — one in each row and each column, so that their
sum is minimal.

LAP

Find vector x = (x4, ..., xp) , 4
where x € {1, ...,m} 5)
to minimize function }i".; Ciy, (6)
and satisfying conditions x; # x; if i # j,i,j € {1, ...,m}. (7)

Vector (4) is called assignment, vector (4) satisfying condition (7) is called feasible assignment.

The solution algorithm using the described model one can find, for example, at [1, 2]. The main
idea is to converse vector (4) so that at each step the condition (7) keeps, and function (3) improves.
Another widespread method of solving this problem is the Hungarian method [3, 4]. It uses a slightly
different formulation of the problem, in particular, the solution is not a vector, but a binary matrix
consisting of zeros and ones, and having exactly one unit in each row and each column. To find
the optimal solution, identical steps are also performed, at each of which the loss matrix changes in
a certain way. At each step the same number is added to all the elements of any row or column of
the matrix. Since exactly one element from this row (or column) must be selected in a feasible solu-
tion, the value of the objective function is changed by the same number. The time complexity of
Hungarian method is O(n®).

EXPONENTIAL NEIGHBORHOOD CONSTRUCTION

Suppose there is some feasible solution to the BPP problem. It is proposed to build an exponential
neighborhood by removing one item from each container. Then, solving the assignment problem,
match one of the unpacked items to each container again. The set of solutions — neighborhood has
cardinality n!, because we have n unpacked items and n containers. As you know, the factorial can
be approximated by an exponential function, so we called such neighborhood exponential.

The use of the assignment problem was proposed earlier [5] for the TSP problem — "the traveling
salesman problem™. However, it is impossible to draw a strict analogy between this task and the BPP
task, and the development of an algorithm for the packaging problem presented a significant diffi-
culty.

However, unlike the polynomial neighborhoods discussed in [6, 7], the proposed method of con-
structing exponential solutions does not allow you to directly change the number of items in the con-
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tainer. Therefore, it is advisable to combine the search in exponential neighborhood with some strat-
egies that allow you to change the number of items associated with each container. And although it
is possible to propose as an independent heuristic algorithm a method similar to the local descent
algorithm described in [6], which would build exponential neighborhoods for various initial solutions
and find local optima in them, a combination of search in both exponential and polynomial neighbor-
hoods is assumed to be more effective.

So, we some initial packing plan. Then we should select one item from each container. Each of
these items must be re-matched to one of the containers. The loss matrix is calculated according to
the following rule

0, if (S;+w;) <0,

where C is capacity of container, S; is total weight of items packed to j-th container (before matching),
wi; is weight of matched item.

This means that the loss from assigning the i-th item to the j-th container is the difference between
the weight of the container together with the assigned item and the container capacity, that is,
the amount of overflow of the container. If there is no overflow, then the corresponding element of
the matrix is zero. After that, the assignment problem is solved, minimizing the total overflow across
all containers. It is clear that the resulting solution will be no worse than the initial one, since in
the absence of a better one, the same initial solution will turn out.

The main question is how exactly to choose the items that will be reassigned. Next, three algo-
rithms are considered.

ALGORITHMS OF CONSTRUCTING EXPONENTIAL NEIGHBORHOOD

The easiest way is to select each item from the container with an equal probability equal to 1/d;,
where d; is the quantity of items in the j-th container. This algorithm is most effective if the packing
plan is far from the local optimum. In this case, it makes it possible to obtain a solution with a small
value of total overfilling (7) much faster than when search in polynomial neighborhoods [6]. Here is
a description of the Rl (Random Item) algorithm.

Algorithm RI

1. Foreach j-th container (j =1, ..., m) generate random integer number r(j), taking with an equal
probability value in range 1, ..., d(j); where d(j) is quantity of items matched to j-th container.

2. Remove r(j)-th item from j-th container, write its weight is w[j].

3. Calculate loss matrix cf[i, j] according to formula (8).

4. Solve assignment problem, get optimal solution vector x.

5. Repack to each j-th container item with index x[j] j =1, ..., m).

The time complexity of this algorithm is O(m) — for choosing removed items and as mentioned
above O(m®) — for solving assignment problem. Since the procedures for removing and assigning
items are performed sequentially, the algorithm as a whole has cubic complexity.

The next algorithm removes an item with the maximum weight from each container. Let's call
this algorithm the M1 (Maximal Item) algorithm. The difference from the described RI algorithm will
be that in steps 1-2, an item with the maximum weight is removed from each container, after which
steps 3-5 are performed similarly to the steps of the Rl algorithm. The complexity of the MI algorithm
is the same as that of the Rl — O(m®) algorithm. This algorithm assumes a situation of local optimum:;
often in this case, overflowing containers contain two rather heavy items of similar weight. Moreover,
in local optima, the overflow of each container is usually small — 1-2 units. That is, it makes sense to
try to replace one of these items in overflowing containers with an item only slightly lighter, this item
should also be contained among heavy items.

The third Chain algorithm (CI) removes items from containers in such a way that the weights of
these items form the maximum length of the chain of decreasing weight items. That is, from the first
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container (containers are sorted by weight) we remove the heaviest object from the second, the heav-
iest of the objects not exceeding the weight of the first, and so on. If the next container does not
contain an item with a weight less than the last item removed, then the heaviest item is removed from
it and the chain is built anew.

The basis for such an algorithm is the following consideration: assuming the local optimum situ-
ation described above, it is desirable to put an object with a weight slightly less than the remote one
in each container. Namely, in the first container — the second deleted item, in the second container —
the third item, and so on, and in the last container from the chain — the first deleted item from the
chain. The difficulty of selecting the object to be deleted can be considered linear from the number
of containers, although the number of operations here will be greater than for the two previous algo-
rithms. For each container, it is necessary to search for the item needed for the chain among all
the items in the container. But the number of items in a container does not depend on the number of
all items, nor on the number of containers, and in practice does not exceed 5-6 items.

Each of the three described algorithms for constructing an ex-
Table ponential neighborhood has its advantages and disadvantages.

Comparison of exponential Table shows the results of the proposed algorithms. Three initial

neighborhood constructing situations were considered — immediately after obtaining the ini-

algorithms tial solution (TO =168), after 50 iterations of the polynomial

Initial TO | 168 | 68 16 heighborhood search (TO = 68) and after 100 iterations of the pol-
RI 21 10 13 ynomial neighborhood search (TO = 16, the situation is close to
MI 56 25 15  the local optimum). The table shows the values of the final TO

Cl 39 18 16  after 100 steps in the exponential neighborhood for each of the al-

gorithms. The experiment was performed for benchmarks pro-
posed at [8], task 1, set 2.

As can be seen from the table above, the best results are obtained by the first of the proposed
algorithms — RI, in which objects are removed randomly. In the future, it is proposed to use this
algorithm as the most effective. However, it seems necessary to conduct further research in this di-

rection.

Comparison of exponential and polynomial neighborhoods

Now let compares the search in polynomial neighborhood with swapping items [6-8] and in pro-
posed here exponential neighborhood. We use only RI algorithm described above. The benchmarks
are described at [9]. Now we show task 1 from test set 2—250 uniform items — at Fig. 1, a, and task 1
from set 6-120 triplet items at Fig. 1, b.
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Fig. 1 Search comparison in polynomial and exponential neighborhoods.

Task 1: a—set2; b—set6.

As can be seen from the diagrams above, when searching for an exponential neighborhood, there
is a faster descent than when searching for polynomial neighborhoods. But the time costs searching
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in an exponential neighborhood is certainly higher than in a polynomial one, because polynomial
search has quadratic complexity. In the following, it will be described how to use exponential neigh-
borhood search most effectively as an integral part of the taboo search method.

CONCLUSION

At this paper an exponential neighborhood for BPP is proposed. Three algorithms of constructing
exponential neighborhood are considered. The main advantage of this neighborhood is that search of
optimal solution in it has polynomial complexity (cubic) despite on the cardinality of neighborhood
is exponential. The results of the numerical experiment demonstrate the advantages of searching
in an exponential neighborhood in comparison with polynomial ones. There are also certain disad-
vantages of this approach — the inability to change the number of items in the container and a fairly
high calculation time. So, this neighborhood is recommended to use in combination with searching
in polynomial neighborhoods, as well as in cases where a rapid descent to local (or global) optima is
required.
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METAAAHHbBIE / METADATA

3arnasue: DKCNOHeHUManbHaA OKPEeCTHOCTb ANA 3a4a4M YNaKOBKU KOHTeﬁHEpOB.

AHHOTauma: CTaTbA NOCBALLEHA W3BECTHOW 3ajayve OAHOMepHOM ynakoBkuM — Bin Packing Task (BPP). Mpobnema ynakoBku
KOHTEeMHEepOB LMPOKO PacnpoCcTpaHeHa B pPas3/iMyHbIX OTPACAAX MPOMbILLIEHHOCTM U TeXHUKU. BPP asnsetca NP-CNOXHbIM, NO3TOMY
MHOECTBO pelleHUit UMEEeT 3KCMOHEHUMANbHYIO MOLLHOCTb MO OTHOLLEHMIO K YNaKOBaHHbIM 31eMeHTaM. ABTOPbI paccmaTpuBaoT
MOAMPULIMPOBAHHYIO MOAENb 3343a4M — MO CYTW, PELLatoT 3aady NAaHUPOoBaHuA Lexa. Lienb cocTouT B TOM, YTOBbI YCTPaHWUTL Tak
Ha3biBaemoe obliee nepenonHeHune (TO) — cymmy pasHOCTEN MeKAy eMKOCTbIO KOP3WHbl U BECOM COBMaJaloLMX MpesMeToB
B Ka)KAQoW Kop3uHe. PasnnyHble MeTodbl, WMCMOo/b3ylolwme NOANMHOMMAbHbIE OKPECTHOCTM, TPebyloT MHOro BpemeHu. ABTOpbI
npeanaratoT 3KCMOHEHLMA/bHYIO OKPEeCTHOCTb, TPebylolyo MNOAMHOMMANbHOrO BPeMeHW ANA MOMCKA JIyYllero pelueHus.
PaccmaTpuBaeTca AnHelHanA 3a/1a4a 0 HazHAYeHUAX 418 NOCTPOEHMUA SKCMOHEHLMANbHOM OKPeCTHOCTU. HecMoTpa Ha To, YTo ecTb n!
pelweHnii, ONTUMANbHOE pelleHne MOXKHO HaluTM 3a O(n3). ABTOpbI PacCMaTPUBAOT HECKO/IbKO asropuTMOB MNOCTPOEHMUSA
SKCMOHeHUManbHo okpecTHocTU. OCHOBHaA MAes COCTOMT B TOM, YTO6bl YAa/iUTb MO OAHOMY 3/IEMEHTY M3 KaXKAOro KoHTelHepa
B HEKOTOPOM OCYLLECTBMMOM peLleHnn. U Toraa Ham cieayeT Takme pacnakoBaHHble MpeaMeTbl NepeHasHauymTb B UCMNOb30BaHHbIe
KOHTeiHepbl, 4To6bl TO 66110 MUHUMAbHLIM. Of4HaKO Npeanaraemblii METOZ MOCTPOEHUA MOKa3aTe/IbHbIX PELEHUI He No3BoaseT
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HanpAMy M3MEHATb KONNYECTBO NpeaMeTOoB B KOP3UHe. |_|03TOMy XenaTtenbHOo coYeTaTb NOUCK B 3KCI'IOHeHLI,VIaﬂbHOI7I OKpPeCTHOCTHN
C HEKOTOPbIMU CTPaTErMAMU, NO3BONAOLWNMU USMEHATb KOJIMYECTBO 3/1EMEHTOB, CBA3AHHbIX C KaXXAblM KOHTEVIHepOM. Pe3yanaTb|
YUCNEHHOrO 3KCNePpMMeEHTa CPAaBHMUBAKT MOMUCK B NONTMHOMUANBbHbLIX OKPECTHOCTAX U I'Ipep,l'lO)KeHHblf:i 3KCI'IOHeHLI,VIa!'IbeIl‘/'I.

Kntouesble cnosa: np06nema pasmelieHnAa KOHTEl‘/'IHepOB; 3KCNOHeHUMaNbHaA OKPECTHOCTb; ONTUMU3AUNA; NIOKaNbHbIM ONTUMYM,

334,3a4a O Ha3HAYeHMAX.
A3bIk ctatbk / Language: aHrnuiickuin / English.
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